For any n, we denote the graph K n,n K 1 by G. In this paper we independently show that for any positive integer n ≥ 2 the corresponding G graph is graceful.
Introduction
Let G = (V (G), E(G)) be a finite simple connected graph with vertex set V (G) and edge set E(G) where e = uv if and only if edge e connects vertex u to vertex v. In this work K n,n denotes a regular complete bipartite graph. For all other terminology and notations we follow [2] . A function f is called a graceful labeling of a graph G with m edges if f : V (G) → {0, 1, 2, · · · , m} is injective and the induced function F : E(G) → {1, 2, · · · , m} defined as F (e = uv) = |f (u) − f (v)| is bijective. This type of graph labeling, first introduced by Rosa in 1967 as a β-valuation [5] , was used as a tool for decomposing a complete graph into isomorphic subgraphs. Both Rosa [5] and Golomb [4] proved that complete bipartite graphs are graceful. Also it is known that K n is graceful if and only if n ≤ 4 [1] . The corona G 1 G 2 of two graphs is the graph obtained by taking one copy of G 1 , which has p 1 vertices, and p 1 copies of G 2 , and then joining the i th vertex of G 1 by an edge to every vertex in the i th copy of G 2 . For positive integer n, we define the graph K n,n K 1 by G, and in this paper we show that G is graceful. In [3] , it has been shown that pendant edge extension of a complete bipartite graph, i.e. K n,n K 1 is graceful, but in our paper we not only we provide a completely different graceful labeling, but also with through analysis we prove the uniqueness of each vertex label as well as each label. We define the function for the vertex labeling for two cases: first for n even and second for n odd, and for each case we provide the detailed proof that establishes our claim.
We start with the observation that there are 4n many vertices in G. Also note that there are n(n + 2) many edges in G. Through out this paper we view each element of V = V (G) uniquely as (i, j, k), where i ∈ Z 2 , j ∈ Z n , k ∈ Z 2 . Loosely speaking, for (i, j, k) ∈ V (G), i denotes whether the vertex is on the left side (when i = 0) or right side (when i = 1); k defines whether a vertex is a part of the bipartite graph (when k = 0, we call them stem vertices), or it is a part of the pendent extension (when k = 1, we call them outer vertices). In the following two sections we label the graph K n,n K 1 .
2 n is even Lemma 2.1 When n is even, this following function assigns labeling to the vertices.
Proof.
From the given function it can be clearly observed that
for all i, k ∈ Z 2 , j ∈ Z n and (i, j, k) / ∈ {(1, 0, 0), (1, 0, 0)}, since f 1 (1, 0, 0) = 0 and f 1 (1, 0, 1) = 1. Claim:
Assume that f 1 (0, j 1 , 0) = f 1 (0, j 2 , 1) for some for any j 1 , j 2 ∈ {0, 1, · · · , n−1}. Then we have This implies that n 2 + 2n − j 1 = n 2 + 2n − j 2 − (n + j 2 + 1), which simplifies to j 1 = n + 2j 2 + 1 > n. Hence we arrive at a contradiction. This proves our claim, that the labels of the stem vertices and the outer vertices in the left side are distinct.
First note that the claim is true, if either j 1 , or j 2 , or both are zero (from Equation (1)). Let us assume that f 1 (1, j 1 , 0) = f 1 (1, j 2 , 1) for some for any j 1 , j 2 ∈ {1, 2, · · · , n − 1}. We need to consider the following cases, depending on j 1 , and j 2 .
Case I : First let us consider j 1 , j 2 ∈ {1, 2, · · · , n − 1}. Then we get nj 1 = nj 2 − (j 2 + 1), which implies that j 2 = n(j 2 − j 1 ) − 1, which is impossible for any j 1 , j 2 ∈ {1, 2, · · · , n − 1}.
Case II : Next we consider j 1 ∈ {1, 2, · · · , n − 1}, j 2 = n − 1. Then we get nj 1 = n 2 , which implies that j 1 = n, which is also absurd.
Case III : Next we consider j 1 = n − 1, j 2 ∈ {1, 2, · · · , n − 1}. Then we get n 2 − n = nj 2 − j 2 − 1, which implies that j 1 > n + 1, which is also absurd.
Case IV : Next we consider j 1 , j 2 = n − 1. Then we get n 2 − n = n, which implies that n = 0, which is also absurd.
Hence in all of the four cases, we arrive at contradictions, which proves our claim, that the labels of the stem vertices and the outer vertices of the right side are distinct.
Let us start with the assumption that f 1 (i 1 , j 1 , 0) = f 1 (i 2 , j 2 , 1) for some i 1 , i 2 ∈ Z 2 , j 1 , j 2 ∈ Z n . Please note that we only need to consider i 1 = i 2 in this claim, since i 1 = i 2 case has been already taken care of (the case of i 1 = i 2 = 0 was proved in the first claim, and the case of i 1 = i 2 = 1 was proved in the second claim). We will consider n = 2m (since n is even), where m is any positive integer, whenever it is required.
Case I : First let us consider i 1 > i 2 , which means the only possibility that we have is i 1 = 1, and i 2 = 0. In that case we have need to consider two cases based on j 1 . If j 1 ∈ {1, 2, · · · , n − 2}, we have nj 1 = n 2 + 2n − j 2 − (n + j 2 + 1). Now n = 2m gives us j 2 = 2m 2 − mj 1 − 1/2, which is impossible. Otherwise when j 1 = n−1, then we have n 2 −n = n 2 +2n−j 2 −(n+j 2 +1), which simplifies to j 2 = n − 1/2, which is also impossible.
Case II : Next we consider i 1 < i 2 . In this case we have i 1 = 0, and i 2 = 1.
(in this case j 2 > 0). If j 2 ∈ {1, 2, · · · , n − 2}, we have nj 2 − (j 2 + 1) = n 2 + 2n − j 1 , which leads to the fact that j 2 = (n + 1) 2 /2 + (j 2 − j 1 )/n. This is possible only when the numerator is a multiple of n. Let us
On substitution of p, the expression reduces to j 2 = (n + 1)p − (n + 1) < 0 for all p ∈ 0, n − 2. Hence we arrive at a contradiction and reject the case. Otherwise when j 2 = n − 1, we have j 1 = 2n, which is also impossible. This establishes our claim, that there is no overlapping between the labels of the stem vertices of the left side and the labels of the outer vertices of the right side and vice-versa. Claim:
Let us start with the assumption that
Simplifying the above, we get j 1 = (j 2 − 2)n − n 2 < 0 (since, for any j 2 < n − 1, j 1 = −3n), which is absurd. Otherwise if j 2 = n − 1 Then we have n 2 + 2n − j 1 = n 2 , i.e., j 1 = 2n, which is a contradiction. This establishes our claim, that the labels of the vertices from both the stems are distinct. Claim:
We consider the following cases depending on the values of j 2 (> 0).
. This simplifies to
From equation (2), we shall get the least value of j 2 when the quality (2j 1 − j 2 ) is maximum, which is obtained when j 1 is maximum. Now since (2j 1 − j 2 ) ≤ 2n − 3, from Equation (2) we get j 2 = n − 1 + 3 n . For any n, j 2 is a fraction and j 2 > n − 2. Hence we arrive at a contradiction.
= m − 1/2 (since, n is an even integer, we take n = 2m, for any integer m). This shows that j 1 is a fraction, which is not acceptable and hence we arrive at a contradiction. This establishes our claim that the vertex labels of the left outer vertices are different from that of the right outer vertices.
Claim: [6] We claim that all the vertex labels are distinct column-wise. i.e., we need to show each of the :
Case I : We assume that,
for some j 1 , j 2 ∈ {0, 1, 2, · · · , n − 2}, and k = 0, 1. Without loss of generality we may consider j 1 < j 2 . Then we must have
, which on simplification gives j 1 = j 2 . Hence we arrive at a contradiction.
Case II : We assume that,
for some j 1 , j 2 ∈ {1, 2, · · · , n − 2}, and k = 0, 1. We consider the following cases depending on the values of j 1 , j 2 . Proceeding in the similar manner as the previous case we may assume that 0 < j 1 < j 2 . Let j 1 ∈ {1, · · · , n − 2} and j 2 ∈ {1, 2, · · · , n − 2}. For the specified values of j 1 , j 2 , Equation (4) implies nj 1 − k(j 1 + 1) = nj 2 − k(j 2 + 1), which on simplification gives j 1 = j 2 . Hence we arrive at a contradiction. Let
, which simplifies to j 1 = n+2nk/(n−k)−1 > n − 1, a contradiction to the assumption.
So, in every case we arrive at a contradiction which supports our claim to be true.
All the six claims together shows (considering every possible combination of vertices) that there is no overlapping in the vertex labels, i.e. all the vertex labels are distinct. This complete the proof of the lemma.
Lemma 2.2 The edge labelings generated by f 1 are distinct.
Let us define
First we observe that K n,n K 1 has n 2 +2n many edges. Hence the domain and co-domain of F 1 has the same cardinality. Then to show F 1 is bijective, it is sufficient to show that F 1 is surjective.
When either of the following is true
It is very easy to verify that for any ∈ {1, 2, · · · , n 2 + 2n}, H 1 expresses as a difference of two vertices v 1 , v 2 ∈ V (G) and v 1 v 2 ∈ E(G) uniquely, where v r = (i r , j r , k r ), r ∈ {1, 2}.
3 n is odd Lemma 3.1 On the other hand, when n is odd, this following function assigns labeling to the vertices.
Proof. From the given function it can be observed that
for i, k ∈ Z 2 , j ∈ Z n , where (i, j, k) / ∈ {(1, 0, 0), (1, 0, 1)}, since f 1 (1, 0, 0) = 0 and f 1 (1, 0, 1) = 1.
We consider the following cases depending on the values of j 1 , j 2 Case I : Let j 1 , j 2 ∈ 0, 1, · · · , n − 2. For the specified values of j 1 , j 2 , assuming f 2 (0, j 1 , 0) = f 2 (0, j 2 , 1) we get j 1 = n + 2j 2 + 1, which is impossible since j 1 < n − 1.
Case II : Let j 1 ∈ 0, 1, · · · , n − 2, j 2 = n − 1. Now, f 2 (0, j 1 , 0) = f 2 (0, j 2 , 1) implies n 2 + 2n − j 1 = n 2 + n i.e., j 1 = n, an impossible option.
Case III : Let j 1 , j 2 = n − 1. From f 2 (0, j 1 , 0) = f 2 (0, j 2 , 1) we get n 2 + n = n 2 − n, an absurd case.
Case IV : Let j 1 = n − 1, j 2 ∈ 0, 1, · · · , n − 2. For the specified values of j 1 , j 2 , the assumption f 2 (0, j 1 , 0) = f 2 (0, j 2 , 1) gives n 2 − n = n 2 + 2n − j 2 − (n + j 2 + 1) which, on simplification, reduces to 2j 2 = 2n − 1 i.e.,
. This is not feasible since,
In all the above cases, for every possible combination of j 1 , j 2 , the assumption f 2 (0, j 1 , 0) = f 2 (0, j 2 , 1) leads to a contradiction, which indicates f 2 (0, j 1 , 0) = f 2 (0, j 2 , 1) i.e., in the left side of the graph vertex labels of the stem vertices are distinct from the labels of the outer vertices. Claim:
We consider the following cases depending on the values of j 1 , j 2 Case I : Let j 1 , j 2 ∈ 1, · · · , n − 2. For the specified values of j 1 , j 2 , assuming f 2 (1, j 1 , 0) = f 2 (1, j 2 , 1) we get nj 1 = nj 2 − j 2 − 1, i.e., j 2 = n(j 2 − j 1 ) − 1 which is not acceptable for j 2 − j 1 ∈ Z. Hence we arrive at a contradiction.
Case II :
> n, contradicts the assumption.
Case III : Let j 1 , j 2 = n − 1. From f 2 (0, j 1 , 0) = f 2 (0, j 2 , 0) we get n = 0, an absurd case.
Case IV : Let j 1 = n − 1, j 2 ∈ 1, · · · , n − 2. For the specified values of j 1 , j 2 , the assumption f 2 (0, j 1 , 0) = f 2 (0, j 2 , 0) gives n 2 + n + 1 = nj 2 − j 2 − 1 which, on simplification, reduces to j 2 = n 2 +n+2 n−1
. This is not feasible since it gives j 2 > n − 2
The above cases imply that for every possible combination of j 1 , j 2 , the assumption f 2 (0, j 1 , 0) = f 2 (0, j 2 , 0) leads to a contradiction, which indicates
for any j 1 , j 2 ∈ {0, 1, 2, · · · , n − 1}, and for any k 1 , k 2 ∈ Z 2 where k 1 = k 2 .
Assuming the converse is true, we need to consider the following two possibilities.
Case I : If possible we assume that the converse is true for k 1 = 0, k 2 = 1,
for some j 1 , j 2 ∈ {0, 1, 2, · · · , n − 1}. We consider the following subcases depending on the values of j 1 , j 2
Subcase A : Let j 1 ∈ {0, 1, · · · , n − 2} and j 2 ∈ {1, 2, · · · , n − 2}. For the specified values of j 1 , j 2 , Equation (6) implies n 2 + 2n − j 1 = nj 2 − j 2 − 1, which leads us to (n + 1)
2 + (n − 1) = n 2 − n, which is impossible. Hence we arrive at a contradiction.
Subcase B : Let j 1 = n − 1j 2 ∈ {1, 2, · · · , n − 2}. Then Equation (6) implies n 2 − n = nj 2 − j 2 − 1, which leads to j 2 > n + 1, which contradicts the assumption.
Subcase C : Let j 1 , j 2 = n − 1, then from Equation (6) we get n 2 + n + 1 = 0, an absurd case.
Subcase D : Let j 1 ∈ {1, · · · , n − 2}, j 2 = n − 1, then from Equation (6) we get n 2 + 2n − j 1 = n 2 + 1 which implies to j 1 = 2n − 1. This is not feasible since it gives j 1 < n − 2
Case II : Next we assume that,
for some j 1 , j 2 ∈ {0, 1, 2, · · · , n − 1}. First note that j 2 > 0. We consider the following subcases depending on the values of j 1 , j 2
Subcase A : Let j 1 ∈ {0, 1, · · · , n − 2} and j 2 ∈ {1, 2, · · · , n − 2}. For the specified values of j 1 , j 2 , Equation (7) implies n 2 + 2n − j 1 − (n + j 1 + 1) = nj 2 , which leads to j 1 ≥ 3n/2 − 1 > n − 2, which is impossible. Hence we arrive at a contradiction.
Subcase B : Let j 1 = n − 1, j 2 ∈ {1, 2, · · · , n − 2}. Then Equation (7) implies n 2 + n = nj 2 , which leads to j 2 = n + 1, an absurd case.
Subcase C : Let j 1 ∈ {1, · · · , n − 2}, j 2 = n − 1, then from Equation (7) we get n 2 + 2n − j 1 − (n + j 1 + 1) = n 2 + n + 1, which simplifies to j 1 = −1, another absurd case.
Subcase D : Let j 1 , j 2 = n − 1, then from Equation (7) we get n 2 + n = n 2 + n + 1 which leads to 1 = 0, which is absurd.
Similar to the previous claim, in this claim also all the above cases indicate that, for every possible combination of j 1 , j 2 , the assumption f 2 (0, j 1 , k 1 ) = f 2 (0, j 2 , k 2 ), where k 1 = k 2 , leads to a contradiction, which indicates f 2 (0, j 1 , k 1 ) = f 2 (0, j 2 , k 2 ) for k 1 = k 2 . This establishes our claim that there is no coincidence in the labels of the stem vertices of the left side and the labels of the outer vertices of the right side and vice-versa.
We assume that,
for some j 1 , j 2 ∈ {0, 1, 2, · · · , n−1}. We consider the following cases depending on the values of j 1 , j 2
Case I : Let j 1 ∈ {0, 1, · · · , n−2} and j 2 ∈ {1, 2, · · · , n−2}. For the specified values of j 1 , j 2 , Equation (8) implies n 2 + n − 2j 1 − 1 = nj 2 − j 2 − 1, which leads us to n 2 + n + 1 = nj 2 + 2j 1 ≤ n(n − 2) + 2(n − 2) = n 2 − 4 (since j 1 , j 2 ≤ n − 2), which is absurd. Hence we arrive at a contradiction.
Case II : Let j 1 = n − 1, j 2 ∈ {1, 2, · · · , n − 2}. Then Equation (8) implies n 2 + n = nj 2 − j 2 − 1, which leads to j 2 = (n 2 + n + 1)/(n − 1) > n − 2, which is impossible.
Case III : Let j 1 , j 2 = n − 1, then from Equation (8) we get n 2 + n = n 2 + 1, which implies n has to be 1, an absurd case.
Case IV : Let j 1 ∈ {0, 1, · · · , n − 2}, j 2 = n − 1, then from Equation (8) we get n 2 + n − 2j 1 − 1 = n 2 + 1 which implies to j 1 = n/2 − 1. This is not feasible since n is odd in this case.
All the above cases together support our claim, that the labels of the vertices from both the stems are distinct.
for some j 1 , j 2 ∈ {0, 1, 2, · · · , n−1}. We consider the following cases depending on the values of j 1 , j 2 SubCase B : Let j 1 ∈ {0, 1, 2, · · · , n − 2}, j 2 = n − 1. Then Equation (10) implies n 2 + 2n − j 1 − k(n + j 1 + 1) = n 2 + n(2k − 1), which simplifies to j 1 (1 + k) + k = 3n(1 − k). If k = 0 then, j 1 = 3n − 1 which is impossible. Otherwise when k = 1 then we have
which is absurd.
for some j 1 , j 2 ∈ {1, 2, · · · , n−2}, and k = 0, 1. We consider the following cases depending on the values of j 1 , j 2 . Without loss of generality we consider j 1 < j 2
SubCase A : Let j 1 ∈ {1, · · · , n − 2} and j 2 ∈ {1, 2, · · · , n − 2}. For the specified values of j 1 , j 2 , Equation (11) implies nj 1 − k(j 1 + 1) = nj 2 − k(j 2 + 1), which on simplification gives j 1 = j 2 . Hence we arrive at a contradiction.
> n which is unacceptable. Otherwise when k = 1 then we have j 1 = n 2 +2 n−1 > n − 2 a contradiction to the assumption.
All the claims together show that for every possible combination of vertices, there is no repeating of the vertex labels i.e., all the vertex labels in K n,n K 1 are distinct. This completes the proof of the lemma.
Lemma 3.2 The edge labelings generated by f 2 are distinct.
Let us define F 2 : E(G) → {1, 2, · · · , n 2 + 2n} such that F 2 (e = v 1 v 2 ) = |f 2 (i 1 , j 1 , k 1 ) − f 2 (i 2 , j 2 , k 2 )|, where f 2 (i r , j r , k r ) is the vertex labeling of v r , for r ∈ {1, 2}.
First we observe that K n,n K 1 has n 2 +2n many edges. Hence the domain and co-domain of F 2 has the same cardinality. Then to show F 2 is bijective, it is sufficient to show that F 2 is surjective. Note that v 1 v 2 ∈ V (G) × V (G) is in E(G) when either of the following is true It is very easy to verify that for any ∈ {1, 2, · · · , n 2 + 2n}, H 2 expresses as a difference of two vertices v 1 , v 2 ∈ V (G) and v 1 v 2 ∈ E(G) uniquely, where v r = (i r , j r , k r ), r ∈ {1, 2}. 
Conclusion
In this paper we have shown that K n,n K 1 is graceful for any integer n ≥ 2. As our future work we would like to investigate whether is possible to label K n,n K p gracefully, where p ≥ 2.
